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Abstract

In this work, the enumeration algorithms presented in Parts I and II for the globally

optimal synthesis of minimal and non-minimal heat exchanger networks are extended

to consider non-isothermal mixing. New mathematical models, including non-

isothermal mixing constraints, are proposed to target the bounds of energy consump-

tion and the binding exchanger minimum approximation temperature. These models

are solved using the algorithms, which involve solving systems of equations instead

of mathematical programming. Three global optimization strategies are proposed to

optimize each enumerated structure, involving the use of a global solver directly, or

the use of a Golden Search based on energy consumption and a flowrate optimiza-

tion model considering non-isothermal mixing. The flowrate optimization model is

reformulated as a convex problem, which is solved by using nonlinear programming

or a mathematical programming-free methodology, that is, solving Karush–Kuhn–

Tucker equations. A new Global Optimum Search Algorithm is developed and exam-

ples are tested comparing different optimization strategies.
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1 | INTRODUCTION

The synthesis of heat exchanger network (HEN) is a well-known

research topic in Process Systems Engineering. Numerous design

technologies and methods have been developed with extensive appli-

cation to industrial practice, as stated in review articles1,2 and

research publications,3,4 to name a few. Of all the previous works on

HEN synthesis, the approach that gains dominance is the one where a

superstructure is proposed together with the formulation of a mixed-

integer nonlinear model (MINLM), which can be solved using mixed-

integer nonlinear programming (MINLP) procedures,5,6 many times

using decompositions,7,8 or stochastic-based methods (meta-

heuristics-based methods), such as genetic algorithms,9,10 simulated

algorithms,11,12 particle swarm optimization,13,14 hybridization

between different algorithms,15,16 etc. We do not elaborate further

on the literature review of the stochastic-based methods, which can-

not guarantee optimality, much less global optimality, and in general

need specialized parameter tuning for a good computational perfor-

mance. In turn, we concentrate on the use of the MINLP procedures

in this work.
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The two most popular superstructures used in previous works

are, respectively, the generalized superstructure proposed by Floudas

et al.17 and the stage-wise superstructure proposed by Yee and

Grossmann.18 Zamora and Grossmann19 simplified HEN synthesis

with the assumption of no stream splits using stage-wise superstruc-

ture. Branch-and-bound (BB) and outer approximation (OA)

approaches were combined to propose a global optimization algo-

rithm. Bergamini et al.20 derived additional constraints from physical

insights that tightened the stage-wise HEN model. Piecewise relaxa-

tion technologies were used to obtain the under-estimators of

exchanger areas in their proposed global optimization algorithm.

Bogataj and Kravanja21 proposed an alternative global optimization

strategy for HEN synthesis by introducing aggregated substructures.

Convex approximation and under-estimators were incorporated into

the strategy to decrease the gaps between lower and upper bounds.

Faria et al.22 applied a bound contraction procedure, namely RYSIA, to

solve the stage-wise superstructure model. Both small- and medium-

scale cases were tested and global optimality could be guaranteed.

Mistry and Misener23 provided the proof to demonstrate that the

reverse logarithmic mean temperature difference (LMTD) is convex.

The original HEN model was approximated using a mixed-integer lin-

ear model (MILM), which iteratively run and converged to the global

optimum of the original problem. Beck and Hofmann24 proposed sev-

eral useful measures to tighten the stage-wise HEN model including

additional inequality constraints and tighter variable bounds. These

measures could help solvers to find the global optimum and decrease

the duality gaps significantly. However, all these above discussed

models are based on the assumption of isothermal mixing, which in

general overestimates heat exchanger areas and restrict the trade-offs

between capital and operational costs.

Non-isothermal mixing is a well-known topic of HEN synthesis.

Huang et al.25 extended the bounds of the sub-streams' temperatures

and added logical constraints for non-isothermal mixing. They evalu-

ated different LMTD approximations and proposed several ways to

handle LMTD exactly. Huang and Karimi26 established a multistage

superstructure including cross flows which combined the superstruc-

tures of Floudas et al.17 and Yee and Grossmann.18 Their multistage

superstructure included additional network configurations but fea-

tured a more complex mathematical model. Huang and Karimi27 pro-

posed a tailored-search strategy that repeatedly revived an improved

OA algorithm to establish simpler and smaller perturbations for the

master problems. However, the OA algorithm solved the HEN model

in sequential steps and could not guarantee global optimality.

Björkand and Westerlund28 convexified the nonlinear term in stage-

wise HEN model with non-isothermal mixing. A global optimization

strategy was developed, relying on the lower bounds provided by the

convex sub-problems that were created by piecewise linear relaxation

technologies. Kim and Bagajewicz29 used a new generalized super-

structure, which was modified from Floudas et al.,17 to consider more

possible stream matches, splits, bypasses, and non-isothermal mixing.

The authors proposed a useful bound contraction procedure (RYSIA)

to globally solve HEN models without using BB steps. Kim et al.30

constructed a stages/substages superstructure to synthesize HENs

with non-isothermal mixing. Their model allowed more commonly

acceptable networks than the topology configurations of the general-

ized superstructures featuring disorganized branches and presenting

challenges in practice.

The aforementioned HEN works about MINLP procedures are

comparatively summarized in Table A1 of Supporting Information-Part

A. It should be mentioned that all the solution strategies used by these

works exhibit computational difficulties when applied to medium and

large problems either with isothermal or non-isothermal mixing.

Departing from the exclusive use of MINLP procedures, in Parts I

and II of this research,31,32 we proposed a novel solution procedure

based on the exhaustive enumeration and smart enumeration of net-

work structures, aided by low demanding mathematical programming

procedures. The smart enumeration that we refer to is Option 1 in our

Parts I and II, where a lower bound (LB) model is run with a stopping

criteria to generate HEN network structures one by one until the LB

is larger than the incumbent best value. The important point is that

our exhaustive and smart enumeration algorithms are both capable of

solving different sizes of problems to global optimality, even medium-

and large-size ones. However, all the models in our Parts I and II are

linear based on isothermal mixing assumption that may restrict the

holistic trade-offs between the capital investment and energy recov-

ery. In another words, the algorithms presented in our Parts I and II

cannot be directly applied to synthesize HENs with non-isothermal

mixing. Hence, there is necessity and incentive to develop new math-

ematical models by adding the constraints of non-isothermal mixing

and improve our previous enumeration algorithms to solve HEN syn-

thesis problems with non-isothermal mixing to global optimality.

In this work, we extend the enumeration algorithms presented in

our Parts I and II to develop a new Global Optimum Search Algorithm

to further consider non-isothermal mixing for minimal and non-

minimal HENs synthesis. Similar to previous algorithms, we recursively

run PLB and PSTR models (see Parts I and II) to exhaustively enumer-

ate different HEN structures (all feasible stream matches) using a

combination of MILMs solved by mixed-integer linear programming

(MILP) procedure to obtain HEN candidate structures. For each struc-

ture, the network's total annualized cost (TAC) is optimized for the

energy (total hot utility demand) and binding exchanger minimum

approximation temperature (EMAT) using Golden Search strategy and

direct computation of exchanger area. Compared with Parts I and II,

the changes of the developed Global Optimum Search Algorithm in

this work are described as follows.

1. New mathematical models, including the nonlinear constraints

related to the non-isothermal mixing, are established to obtain the

lower and upper bounds of energy consumption, as well as

the locations and bounds of the binding EMAT for the HEN struc-

tures. Several sub-algorithms are developed to solve these NLMs

to global optimality.

2. Three optimization strategies are proposed to optimize each enu-

merated structure:

• Strategy 1: A global solver is employed for each enumerated

structure using problems PLB and PSTR (see Parts I and II)
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without using a Golden Search as it was already done in Parts I

and II.

• Strategy 2: Use Golden Search to optimize the energy con-

sumption and binding EMAT. However, when there exist

stream splits in the structure, the flowrate capacities of stream

splits must be optimized to handle non-isothermal mixing. This

flowrate optimization is done by running a NLM.

• Strategy 3: Same as Strategy 2, but instead of solving a

nonlinear problem, we solve the Karush–Kuhn–Tucker (KKT)

equations of the NLM.

Small- and medium-size examples, the most common in industrial

practices, are solved in competitive time. In the case of large-scale

problems (15–39 streams), global optimality is also achieved, but the

computational time increases. Two issues are worth noticing for large-

scale examples:

1. We know that these problems had been near-globally solved by

using stochastic or metaheuristic procedures, although tuning of

parameters is likely to be needed;

2. We know that without good initial points global solvers (BARON

and ANTIGONE) many times fail while other solution procedures

like RYSIA have memory and time problems. Hence, having a tool

for global optimization albeit time-consuming is an advance. Future

work will be aimed to reduce the computational time.

The rest of this article is structured as follows. First, three global

optimization strategies are proposed. Then, we describe some proper-

ties of HEN with non-isothermal mixing and prove that the NLP opti-

mizing the flowrate capacities of stream splits can be reformulated as

a convex problem. Following, the formulations of new mathematical

models and sub-algorithms are presented. Next, a Global Optimum

Search Algorithm is developed. Finally, 19 examples are tested and

conclusions follow.

2 | GLOBAL OPTIMIZATION STRATEGIES

Three global optimization strategies that rely on enumerating HEN

structures by recursively running PLB or PSTR models (see Part I) for

exhaustive enumeration are presented below. As discussed in Parts I

and II, global optimality is achieved in both cases (PLB and PSTR).

1. Strategy 1: For each fixed structure being enumerated, initialize a

global solver (we used BARON) with the solution results of the

enumeration procedure (PLB or PSTR), and solve the resulting NLP

model (see Supporting Information-Part B) considering non-

isothermal mixing to global optimality. This strategy avoids the use

of Golden Search. BARON is known to exhibit convergence prob-

lems in the case wherein the integer variables are not fixed

(i.e., the HEN structure is not fixed) and/or when poor initial values

are given. However, we find that, after fixing the integers, solving

the resulting NLP using BARON with fixed integer variables works

well in small- and medium-scale examples but fails in large-scale

ones.

2. Strategy 2: Proceed with the Golden Search algorithms developed

in Parts I and II, for each value of the energy consumption and

binding EMAT, solve an NLM to minimize area cost only for the

heat exchangers which are involved in stream splits. These are iso-

lated HEN structures consisting of a few heat exchangers, a result

of limiting the total number of exchangers.

3. Strategy 3: Proceed with the Golden Search algorithms developed

in Parts I and II, solve the system of equations based on the KKT

conditions corresponding to the aforementioned NLM.

It should be pointed out that the original model optimizing the

flowrate capacities of stream split (area cost minimization) is a non-

convex NLP. Indeed, this problem can be solved to global optimality

by BARON, but it usually requires long solution time especially when

solving large-size cases. Therefore, we reformulate the original NLP as

a convex NLM, which has one and only one local optimum that is, in

fact, the global solution. This convex NLM can be easily solved to

global optimality either using BARON (Strategy 2) or by solving its

KKT equations (Strategy 3). Note that solving the system of KKT

equations (Strategy 3) is faster than using gradient-based NLP

(Strategy 2), especially in large-scale problems. In Examples section,

we compare different Strategies and find that Strategy 3 exhibits

computational advantages in large-size examples. We remark that

Strategy 3 is a mathematical programming-free methodology.

In the next section, we prove that the NLM corresponding to

Strategies 2 and 3 is a convex problem. Then, the equations of KKT

conditions for Strategy 3 are presented.

It is worth mentioning that Strategy 3, aside from the generation

of HEN structures, can be implemented without any other tools than

a solver of systems of equations, with no mathematical programming

involved. Moreover, knowing that the candidate HEN structures can

be generated algorithmically by exploiting graph theory properties,

our Strategy 3 can potentially be the first mathematical programming-

free procedure for globally optimal HEN synthesis.

3 | CONVEX MODEL FOR FLOWRATE
OPTIMIZATION IN STREAM SPLITS

Consider a hot stream and a cold stream involved in splits, as depicted

in Figure 1.

Binary parameters YH
i,k and YC

j,k are defined to, respectively,

denote whether hot stream i and cold stream j are split or not at stage

k. For a HEN structure, the values of binary variables zi,j,k , zhuj , and

zcui that represent the existence of heat exchangers are given, and

they are written as bzi,j,k , bzhuj, and bzcui. Then, the values of YH
i,k and YC

j,k

are assigned as follows.

YH
i,k ¼

1
P
j ∈ CP

bzi,j,k >1
0 Otherwise

8<: 8i∈HP,k∈ ST ð1Þ

CHANG ET AL. 3 of 15
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YC
j,k ¼

1
P

i ∈HP

bzi,j,k >1
0 Otherwise

8<: 8j∈CP,k∈ ST ð2Þ

As demonstrated in Part I, the heat loads (bqi,j,k , bqhuj, and bqcui) for
a minimum structure (MSTR) network (minimal network) are unique

once energy consumption (bE) is fixed. The same can be said in the case

of a non-MSTR network (non-minimal network) with the fixed hot

utility consumption (energy) and fixed binding EMAT (see Part II). For

minimal and non-minimal HENs with fixed energy consumption and

fixed binding EMAT, the heat loads of all exchangers are fixed and the

stream temperatures at stages are also fixed, and each stage can be

solved independently of the others. Hence, of those, only the ones

that have splits demand a NLM (flowrate optimization) to minimize

area cost.

We recall that the stream temperatures at each stage upon mixingbTH

i,k and
bTC

j,k are fixed parameters because of the overall energy balance

for each stage. This is shown in Figure 2, which depicts instances of

MSTR and non-MSTR networks with the fixed energy consumption

and fixed binding EMAT respectively.

As in previous research, the cost of a heat exchanger is given by

Ci,j,k ¼babzi,j,kþbbAbci,j,k . Since the integers (bzi,j,k) are fixed parameters in

this problem, the objective function can be reduced to minimizing the

sum of exchanger area costs (bbAbci,j,kÞ. Here, the constant bb is generally

independent of exchanger area, and the objective can be set as mini-

mizing the sum of concave terms (Abci,j,kÞ. In addition, without loss of

generality, we use the Paterson approximation33 for LMTD since it

makes the proof of convexity easier. The original flowrate optimiza-

tion model (nonlinear) called PS1 is the following:

Min
X

i∈HP

YH
i,k ¼1

X
j∈CP

YC
j,k ¼1

X
k∈ STbzi,j,k ¼1

Abci,j,kþ X
i∈HP

YH
i,k ¼1

X
j∈CP

YC
j,k ¼0

X
k∈STbzi,j,k ¼1

Abci,j,kþ X
i∈HP

YH
i,k ¼0

X
j∈CP

YC
j,k ¼1

X
k∈STbzi,j,k ¼1

Abci,j,k
8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
ð3Þ

X
j ∈ CP,bzi,j,k¼1

fHi,j,k�FcpHi ¼0 8i∈HP,k∈ ST,YH
i,k ¼1 ð4Þ

X
i ∈HP,bzi,j,k¼1

fCi,j,k�FcpCj ¼0 8j∈CP,k∈ST,YC
j,k ¼1 ð5Þ

bqi,j,k ¼ fHi,j,k
bTH

i,k� tHi,j,k

� �
8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YH

i,k ¼1 ð6Þ

bqi,j,k ¼ fCi,j,k tCi,j,k�bTC

j,kþ1

� �
8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YC

j,k ¼1 ð7Þ

ΔtCi,j,k ¼ tHi,j,k�bTC

j,kþ1 8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YH
i,k ¼1 ð8Þ

ΔtHi,j,k ¼ bTH

i,k� tCi,j,k 8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YC
j,k ¼1 ð9Þ

bqi,j,k bU�1

i,j A�1
i,j,k�

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔtCi,j,k Δt

H
i,j,k

q
�ΔtCi,j,k

6
�ΔtHi,j,k

6
≤0

8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YH
i,k ¼1,YC

j,k ¼1

ð10Þ

bqi,j,k bU�1

i,j A�1
i,j,k�

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibTH

i,k�bTC

j,k

� �
ΔtCi,j,k

r
�
bTH

i,k�bTC

j,k

6
�ΔtCi,j,k

6
≤0

8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YH
i,k ¼1,YC

j,k ¼0

ð11Þ

bqi,j,k bU�1

i,j A�1
i,j,k�

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibTH

i,kþ1�bTC

j,kþ1

� �
ΔtHi,j,k

r
�
bTH

i,kþ1�bTC

j,kþ1

6
�ΔtHi,j,k

6
≤0

8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YH
i,k ¼0,YC

j,k ¼1

ð12Þ

ΔtCi,j,k ≥ EMATMin 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YH
i,k ¼1 ð13Þ

ΔtHi,j,k ≥ EMATMin 8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YC
j,k ¼1 ð14Þ

In the above model, we define variables for both the heat capacity

flowrates and temperatures of the stream splits: fHi,j,k and tHi,j,k for hot

stream; fCi,j,k and tCi,j,k for cold stream. Note that Equations (13) and (14)

are demanded because the temperatures involved are variables.

Model PS1 in the current form is a nonconvex model that shows

increased computational effort in large-size cases. This is because the

F IGURE 1 Stream splits and
nomenclature: (A) Hot stream
split and (B) cold stream split
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objective function is concave (bc is usually smaller than one) and bilin-

ear constraints in Equations (6) and (7) are non-convex. Thus, we

reformulate PS1 into a convex model, shown as follows.

We rewrite Equations (6) and (7):

tHi,j,k ¼ bTH

i,k�
bqi,j,k
fHi,j,k

8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YH
i,k ¼1 ð15Þ

tCi,j,k ¼ bTC

j,kþ1þ
bqi,j,k
fCi,j,k

8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1,YC
j,k ¼1 ð16Þ

Substituting tHi,j,k and tCi,j,k by their expressions in Equations (15) and

(16) and also substituting the areas (Ai,j,k), we obtain the following

problem namely PS2.

Min

P
i∈HP

YH
i,k ¼1

P
j∈CP

YC
j,k ¼1

P
k∈STbzi,j,k ¼1

bqi,j,k bU�1

i,j

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibTH

i,k�bTC

j,kþ1�
bqi,j,k
fHi,j,k

 ! bTH

i,k�bTC

j,kþ1�
bqi,j,k
fCi,j,k

 !vuut
þ1
6
bTH

i,k�bTC

j,kþ1�
bqi,j,k
fHi,j,k

 !
þ1
6
bTH

i,k�bTC

j,kþ1�
bqi,j,k
fCi,j,k

 !
26666664

37777775

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;

bc

þ P
i∈HP

YH
i,k ¼1

P
j∈CP

YC
j,k ¼0

P
k∈STbzi,j,k ¼1

bqi,j,k bU�1

i,j

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibTH

i,k�bTC

j,k

� � bTH

i,k�bTC

j,kþ1�
bqi,j,k
fHi,j,k

 !vuut
þ1
6
bTH

i,k�bTC

j,k

� �
þ1
6
bTH

i,k�bTC

j,kþ1�
bqi,j,k
fHi,j,k

 !
26666664

37777775

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;

bc

þ P
i∈HP

YH
i,k ¼0

P
j∈CP

YC
j,k ¼1

P
k∈STbzi,j,k ¼1

bqi,j,k bU�1

i,j

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibTH

i,kþ1�bTC

j,kþ1

� � bTH

i,k�bTC

j,kþ1�
bqi,j,k
fCi,j,k

 !vuut
þ1
6
bTH

i,kþ1�bTC

j,kþ1

� �
þ1
6
bTH

i,k�bTC

j,kþ1�
bqi,j,k
fCi,j,k

 !
26666664

37777775

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;

bc

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð17Þ

F IGURE 2 HENs with unique
heat loads: (A) Minimal network
and (B) non-minimal network
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X
j ∈ CP,bzi,j,k¼1

fHi,j,k�FcpHi ¼0 8i∈HP,k∈ ST,YH
i,k ¼1 ð18Þ

X
i ∈ HP,bzi,j,k¼1

fCi,j,k�FcpCj ¼0 8j∈CP,k∈ ST,YC
j,k ¼1 ð19Þ

bqi,j,kþ fHi,j,k
bTC

j,kþ1�bTH

i,kþEMATMin

� �
≤0

8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YH
i,k ¼1

ð20Þ

bqi,j,kþ fCi,j,k
bTC

j,kþ1�bTH

i,kþEMATMin

� �
≤0

8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YC
j,k ¼1

ð21Þ

The objective function of PS2 is a sum of convex terms. Indeed, the

terms are the inverse of LMTD function elevated to a constant bc. We

recognize LMTD is concave as proven by Mistry and Misener.23 Even

if we use an approximation, this continues to be true. In Supporting

Information-Part C, we provide the proof that the objective function

of PS2 is convex. In turn, the system of equations corresponding to

the KKT condition of PS2 that we solve in Strategy 3 is given in

Supporting Information-Part D. Because the problem is convex, one

can just solve this system of equations and obtain the optimum. While

it is known that solving these equations directly for large-scale sys-

tems may exhibit difficulties, we have not observed them in our work.

4 | ENERGY BOUND MODELS

Before performing the Golden Search for a minimal or non-minimal

network, it is necessary to obtain the bounds of energy consumption

(total hot utility demand) ENisoMin and ENisoMax . For non-isothermal mixing,

ENisoMin and ENisoMax are in general different from EIsoMin and EIsoMax (isothermal

mixing). For this, we develop models namely PENisoMin and PENisoMax to

obtain ENisoMin and ENisoMax , respectively. The formulation of PENisoMin is the

following:

PENisoMin ¼ Min
8 T,Qð Þ ∈ DSynheat

E ð22Þ

E¼
X

j ∈ CP,bzhuj¼1

qhuj ð23Þ

X
j ∈ CP,bzi,j,k¼1

fHi,j,k�FcpHi ¼0 8i∈HP,k∈ST,YH
i,k ¼1 ð24Þ

X
i ∈ HP,bzi,j,k¼1

fCi,j,k�FcpCj ¼0 8j∈CP,k∈ST,YC
j,k ¼1 ð25Þ

ΔtCi, j,k ¼ TH
i,k�

qi, j:k
fHi, j,k

 !
�TC

j,kþ1 8i∈HP, j∈CP,k∈ST,bzi, j,k ¼1,YH
i,k ¼1

ð26Þ

ΔtHi, j,k ¼TH
i,k� TC

j,kþ1þ
qi, j:k
fCi, j,k

 !
8i∈HP, j∈CP,k∈ ST,bzi, j,k ¼1,YC

j,k ¼1

ð27Þ

ΔtCi,j,k ¼ TH
i,kþ1�TC

j,kþ1 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YH
i,k ¼0

ð28Þ

ΔtHi,j,k ¼ TH
i,k�TC

j,k 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,YC
j,k ¼0

ð29Þ

Δthuj ¼ Thuout�TC
j,1 8j∈CP,bzhuj ¼1 ð30Þ

Δtcui ¼ TH
i,K �Tcuout 8i∈HP,bzcui ¼1 ð31Þ

ΔtCi,j,k ≥ EMATMin 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1 ð32Þ

ΔtHi,j,k ≥ EMATMin 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1 ð33Þ

Δthuj ≥ EMATMin 8j∈CP,bzhuj ¼1 ð34Þ

Δtcui ≥ EMATMin 8i∈HP,bzcui ¼1 ð35Þ

It should be noted that the variables qhuj do not participate/present

explicitly in any other equations in this model. However, they are

implicit in DSynheat (Synheat).

The formulation of PENisoMax includes the same constraints of

PENisoMin (Equations (24)–(35)), but the objective function is:

PENisoMax ¼ Max
8 T,Qð Þ ∈DSynheat

E ð36Þ

The above two models are both non-convex problems and can be

solved using a global solver. However, we solve a system of equations

(named SyE ) and propose two sub-algorithms, namely PBEMin and

PBEMax, to obtain the minimum and maximum energy, respectively.

The system of equations SyE is composed of the constraints of PENisoMin

(Equations (24)–(35)) associated to the substitution of the variable E in

Equation (23) by a fixed parameter (bE):
bE¼ X

j ∈ CP,bzhuj¼1

qhuj ð37Þ

The sub-algorithm PBEMin includes the following steps

(the corresponding flowchart is shown in Supporting Information-Part E).

1. Start from ELoMin ¼ EUserMin .

2. Run PEMin to obtain EIsoMin and set EUpMin ¼ EIsoMin.

3. If
EUp
Min

�ELoMin

EUp
Min

<bε, go to Step 6. Otherwise, go to next step.

4. Solve SyE for bE¼ ELoMin. If feasible, E
Up
Min ¼ ELoMin and go to Step 6. Oth-

erwise, go to next step.

5. Solve SyE for bE¼ EUp
Min

þELoMin

2 . If feasible, EUpMin ¼
EUp
Min

þELoMin

2 . Otherwise,

ELoMin ¼
EUp
Min

þELoMin

2 . Then, go to Step 3.

6. ENisoMin ¼ EUpMin and stop.

6 of 15 CHANG ET AL.
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The sub-algorithm PBEMax includes the following steps

(the corresponding flowchart is shown in Supporting Information-

Part E).

1. Start from EUpMax ¼ EUserMax .

2. Run PEMax to obtain EIsoMax and set ELoMax ¼ EIsoMax.

3. If
EUp
Max

�ELoMax

EUpMax

<bε, go to Step 6. Otherwise, go to next step.

4. Solve SyE for bE¼ EUpMax. If feasible, ELoMax ¼ EUpMax and go to Step

6. Otherwise, go to next step.

5. Solve SyE for bE¼ EUpMaxþELoMax

2 . If feasible, ELoMax ¼ EUpMaxþELoMax

2 . Otherwise,

EUpMax ¼
EUpMaxþELoMax

2 . Then, go to Step 3.

6. ENisoMax ¼ ELoMax and stop.

5 | BINDING EMAT LOCATION MODELS

In Part II, two models, namely PLOC1 and PLOC, are used to find the

EMAT-binding location of energy loop for non-MSTR network. We

now present a new version of PLOC1 namely PLOC1S that includes

Equations (24)–(35) and the following ones:

β ≥ EMATMin ð38Þ

β ≤ΔtHi,j,k 8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1 ð39Þ

β ≤ΔtCi,j,k 8i∈HP, j∈CP,k∈ ST,bzi,j,k ¼1 ð40Þ

β ≤Δthuj 8j∈CP,bzhuj ¼1 ð41Þ

β ≤Δtcui 8i∈HP,bzcui ¼1 ð42Þ

ΔtHi,j,k�β
� �

þ 1�yHi,j,k

� �
Γi,j ≥0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1 ð43Þ

ΔtHi,j,k�β
� �

þ yHi,j,k �1
� �

Γi,j ≤0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1 ð44Þ

ΔtCi,j,k�β
� �

þ 1�yCi,j,k

� �
Γi,j ≥0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1 ð45Þ

ΔtCi,j,k�β
� �

þ yCi,j,k�1
� �

Γi,j ≤ 0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð46Þ

Δthuj�β
� �þ 1�yhuj

� �
Γj ≥0 8j∈CP,bzhuj ¼1 ð47Þ

Δthuj�β
� �þ yhuj�1

� �
Γj ≤0 8j∈CP,bzhuj ¼1 ð48Þ

Δtcui�βð Þþ 1�ycuið ÞΓi ≥0 8i∈HP,bzcui ¼1 ð49Þ

Δtcui�βð Þþ ycui�1ð ÞΓi ≤0 8i∈HP,bzcui ¼1 ð50Þ

X
i ∈ HP

X
j ∈ CP

X
k ∈ ST,bzi,j,k¼1,

yHi,j,kþyCi,j,k

� �
þ
X
bzhuj¼1

yhujþ
X
bzcui¼1

ycui ≥1 ð51Þ

Once PLOC1S is solved, the value of energy consumption (E�), heat

loads of heat exchangers (q�i,j,k , qhu
�
j , and qcu�i ) as well as the values of

yH�i,j,k , y
C�
i,j,k , yhu

�
j , and ycu�i that represent the potential EMAT-binding

location are obtained.

In turn, model PLOC is revised as the one namely PLOCS that is the

system of equations including Equations (24)–(35) and the following ones:

X
j ∈ CP,bzhuj¼1

qhuj ¼ E� ð52Þ

qi,j,k ¼ q�i,j,k�bΔ 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1,yH�i,j,k ¼1_yC�i,j,k ¼1

ð53Þ

qhuj ¼ qhu�j �bΔ 8j∈CP,bzhuj ¼1,yhu�j ¼1 ð54Þ

qcui ¼ qcu�i �bΔ 8i∈HP,bzcui ¼1,ycu�i ¼1 ð55Þ

If PLOCS is feasible, the energy loop, represented by the binary

parameters yH�i,j,k , y
C�
i,j,k , yhu

�
j , and ycu�i , is found. Otherwise, the location

does not belong to the energy loop. Then, we exclude this location to

find another potential one by running PLOC1S again. In a word,

PLOC1S and PLOCS are run recursively until the former is infeasible.

6 | BINDING EMAT BOUNDS MODELS

For non-minimal networks with fixed energy consumption, it is necessary

to obtain the lower and upper bounds (bEMATMin and bEMATMax) of the

binding EMAT with the fixed location. For this purpose, we develop

two models namely PEMATNiso
Min and PEMATNiso

Max shown as follows.

The formulation of PEMATNiso
Min includes Equations (24)–(35) and

the following ones:

PEMATNiso
Min ¼ Min

8 T,Qð Þ ∈DSynheat

EMAT ð56Þ

X
j ∈ CP,bzhujqhuj ¼bE ð57Þ

ΔtHi,j,k�EMAT
� �

þ 1�yH�i,j,k
� �

Γi,j ≥0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð58Þ

ΔtHi,j,k�EMAT
� �

þ yH�i,j,k�1
� �

Γi,j ≤0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð59Þ

ΔtCi,j,k�EMAT
� �

þ 1�yC�i,j,k
� �

Γi,j ≥0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð60Þ
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ΔtCi,j,k�EMAT
� �

þ yC�i,j,k�1
� �

Γi,j ≤0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð61Þ

Δthuj�EMAT
� �þ 1�yhu�j

� �
Γj ≥0 8j∈CP,bzhuj ¼1 ð62Þ

Δthuj�EMAT
� �þ yhu�j �1

� �
Γj ≤0 8j∈CP,bzhuj ¼1 ð63Þ

Δtcui�EMATð Þþ 1�ycu�i
� �

Γi ≥0 8i∈HP,bzcui ¼1 ð64Þ

Δtcui�EMATð Þþ ycu�i �1
� �

Γi ≤0 8i∈HP,bzcui ¼1 ð65Þ

The formulation of PEMATNiso
Max is composed of the same constraints of

PEMATNiso
Min associated to the following objective function:

PEMATNiso
Max ¼ Max

8 T,Qð Þ ∈ DSynheat

EMAT ð66Þ

The above NLMs PEMATNiso
Min and PEMATNiso

Max can be solved using

a global solver. Instead, however, we solve the following

system of equations namely SyEMAT and develop two sub-

algorithms namely PBEMATMin and PBEMATMax to obtain the

minimum and maximum bounds of binding EMAT, respectively.

The system of equations SyEMAT corresponds to the constraints

of PEMATNiso
Min but Equations (58)–(65) are replaced by the follow-

ing ones:

ΔtHi,j,k�bEMAT
� �

þ 1�yH�i,j,k
� �

Γi,j ≥0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð67Þ

ΔtHi,j,k�bEMAT
� �

þ yH�i,j,k�1
� �

Γi,j ≤0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð68Þ

ΔtCi,j,k�bEMAT
� �

þ 1�yC�i,j,k
� �

Γi,j ≥0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð69Þ

ΔtCi,j,k�bEMAT
� �

þ yC�i,j,k�1
� �

Γi,j ≤0 8i∈HP, j∈CP,k∈ST,bzi,j,k ¼1

ð70Þ

Δthuj�bEMAT
� �

þ 1�yhu�j
� �

Γj ≥0 8j∈CP,bzhuj ¼1 ð71Þ

Δthuj�bEMAT
� �

þ yhu�j �1
� �

Γj ≤0 8j∈CP,bzhuj ¼1 ð72Þ

Δtcui�bEMAT
� �

þ 1�ycu�i
� �

Γi ≥0 8i∈HP,bzcui ¼1 ð73Þ

Δtcui�bEMAT
� �

þ ycu�i �1
� �

Γi ≤0 8i∈HP,bzcui ¼1 ð74Þ

The sub-algorithm PBEMATMin includes the following steps (the

corresponding flowchart is shown in Supporting Information-Part E).

1. Start from bEMAT
Lo

Min ¼ EMATMin.

2. Run PEMATIso
Min to obtain bEMAT

Up

Min and set bEMAT
Up

Min ¼bEMAT
Iso

Min.

3. If
bEMAT

Up

Min�bEMAT
Lo

MinbEMAT
Up

Min

<bε, go to Step 6. Otherwise, go to the next step.

4. Solve SyEMAT for bEMAT¼bEMAT
Lo

Min. If feasible,
bEMAT

Up

Min ¼bEMAT
Lo

Min

and go to Step 6. Otherwise, go to the next step.

5. Solve SyEMAT for bEMAT¼bEMAT
Up

MinþbEMAT
Lo

Min
2 . If feasible,

bEMAT
Up

Min ¼
bEMAT

Up

MinþbEMAT
Lo

Min
2 . Otherwise, bEMAT

Lo

Min ¼
bEMAT

Up

MinþbEMAT
Lo

Min
2 .

Then, go to Step 3.

6. bEMATMin ¼bEMAT
Up

Min and stop.

The sub-algorithm PBEMATMax includes the following steps

(the corresponding flowchart is shown in Supporting Information-

Part E).

1. Start from bEMAT
Up

Max ¼HRATUser
Max .

2. Run PEMATIso
Max to obtain bEMAT

Lo

Max and set bEMAT
Lo

Max ¼bEMAT
Iso

Max.

3. If
bEMAT

Up

Max�bEMAT
Lo

MaxbEMAT
Up

Max

<bε, go to Step 6. Otherwise, go to the next step.

4. Solve SyEMAT for bEMAT¼bEMAT
Up

Max. If feasible, bEMAT
Lo

Max ¼bEMAT
Up

Max and go to Step 6. Otherwise, go to the next step.

5. Solve SyEMAT for bEMAT¼bEMAT
Up

MaxþbEMAT
Lo

Max
2 . If feasible,

bEMAT
Lo

Max ¼
bEMAT

Up

MaxþbEMAT
Lo

Max
2 . Otherwise, bEMAT

Up

Max ¼
bEMAT

Up

MaxþbEMAT
Lo

Max
2 .

Then, go to Step 3.

6. bEMATMax ¼bEMAT
Lo

Max and stop.

7 | GLOBAL OPTIMUM SEARCH
ALGORITHM

Based on the above models and sub-algorithms, we develop a new

Global Optimum Search Algorithm. Figure 3 depicts the flowchart of

this algorithm that includes the following steps.

1. The Synheat model (see Appendix A of Part I) is run without the area

costs to minimize the number of heat exchangers (Nmin) with the

given energy bounds bEUserMin and bEUserMax . This step is exactly the same as

the one in Parts I and II, and the models involved were presented

there. Also, set N = Nmin and start by giving a large value to the

incumbent TAC namely UBTAC = +∞. Go to the next step.

2. For current N, run one of the following two options.

• Option 1: Run PLB to enumerate a structure.

• Option 2: Run PSTR to enumerate a structure.

8 of 15 CHANG ET AL.
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3. If the chosen strategy is not Strategy 1, go to the next step. Otherwise,

solve the resulting NLP using a global solver (e.g. BARON) for the con-

sidered structure to obtain the cost TACSTR and then go to Step 5.

4. For the considered structure, obtain the values of YH
i,k and YC

j,k to

ascertain if there is a stream split.

• If there is no split, use the appropriate Golden

Search-based algorithms from Parts I and II to obtain the cost

TACSTR.

• If there is a split, incorporate the split flows optimization steps

outlined above to obtain the cost TACSTR using Strategy 2 or

Strategy 3 when obtaining the TAC for each value of the energy

consumption and the binding EMAT.

Then, go to next step.

5. Update UBTAC: If TACSTR < UBTAC, UBTAC = TACSTR. Go to the

next step.

6. Exclude previously found structures by running one of the follow-

ing options.

• Option 1: run PLBR to enumerate another structure. If it is feasi-

ble and RTAC ≤ UBTAC, go to Step 3. Otherwise, if infeasible or

if feasible but RTAC > UBTAC, go to Step 7.

• Option 2: run PSTRR to enumerate another structure. If feasible,

go to Step 3. Otherwise, go to Step 7.

7. If N > NH+NC+NHU+NCU, output UBTAC and stop. Other-

wise, increase the total number of heat exchangers by N =N+1

and go to Step 2.

8 | EXAMPLES

Nineteen problems of different sizes, which include Examples 1–16

tested in Parts I and II as well as three additional examples, are solved

for illustration purposes. All examples are implemented in GAMS

(version 23.7)34 on a PC machine (i7 3.6 GHz, 8 GB RAM). The solu-

tion results are presented in Table 1 that also includes the solution

results in Part II for comparison purposes. The total number of the

HEN structures enumerated is the same as the one in Part II, and only

TACs and solution time are listed and compared. The solution times

for our Strategies 1–3, proposed in this work, are presented in

Table 2.

Table 1 shows the TACs of Examples 2, 5, 6, 16, 17, 18, and

19 are reduced by 1.2%–8.6% when considering non-isothermal

mixing. Meanwhile, the TACs of Examples 1 and 3 are the same as the

ones in our Part II, because no stream splits exist in the optimal struc-

tures. The TACs of Examples 4, 7, 8, 9, 10, 11, 12, 13, 14, and

15 decrease slightly (≤ 1.0%), showing that the optimal solutions of

isothermal and non-isothermal mixing are very closed in these prob-

lems. Table 1 also shows that in Examples 1–7 our Option 1 (PLB,

smart enumeration using LB model) is faster than Option 2 (PSTR,

exhaustive enumeration). This is mainly because Examples 1–7 are

not large-scale problems and the lower bound (PLB) model in Option

1 can update the lower bounds effectively. On the contrary, for Exam-

ples 8–16, Option 2 (PSTR) is faster, since these problems are large-

scale cases. This observation illustrates that when example size

increases, the solution time becomes longer and the option using the

lower bound (PLB) model is not viable unless this smart search is para-

lleled. It should be pointed out that we have tried to use a different

number of intervals to construct the lower bound (PLB) model, for

instance, 2, 5, 8, 10, 20, 30, 40, 50, 60, 70, 80, etc. Then, we pick the

number of intervals that renders the minimum solution time. Future

research will explore new ways to decrease the solution time. All the

solution results of examples are compared with the ones from Part II

and the literature solutions in Supporting Information-Part F.

Regarding strategies, Table 2 indicates that in Examples 1–4 our

Strategy 1 using the global solver BARON is faster than Strategies

2 and 3. This obversion illustrates that BARON can globally and

F IGURE 3 Flowchart of the
proposed Global Optimum Search
Algorithm

CHANG ET AL. 9 of 15

 15475905, 2021, 11, D
ow

nloaded from
 https://aiche.onlinelibrary.w

iley.com
/doi/10.1002/aic.17393 by U

niversity O
f O

klahom
a, W

iley O
nline L

ibrary on [16/01/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



TABLE 1 Solution comparison of Examples 1–19

Example

Solutions in Part II Solutions in this work (Part III)

PLB PSTR PLB PSTR

TAC ($/year) Time (s) TAC ($/year) Time (s) TAC ($/year) Time (s) TAC ($/year) Time (s)

1 (2H, 2C)22 154,910.6 90.0 154,910.6 168.9 154,910.6 239.1 154,910.6 398.2

2 (2H, 2C)35 360,037.2 36.5 360,037.2 162.3 355,701.5 139.5 355,701.5 512.1

3 (2H, 2C)36 715,962.9 69.1 715,962.9 196.2 715,962.9 129.2 715,962.9 306.5

4 (3H, 2C)21 80,959.6 15.2 80,959.6 369.2 80,847.7 63.2 80,847.7 539.6

5 (3H, 2C)30 1,758,381.0 125.6 1,758,381.0 598.2 1,731,819.6 226.8 1,731,819.6 972.5

6 (5H, 1C)23 632,360.7 122.3 632,360.7 398.5 624,569.1 239.3 624,569.1 681.3

7 (3H, 4C)37 177,261.3 652.3 177,261.3 1932.5 176,097.1 922.7 176,097.1 2833.5

8 (5H, 5C)38 - >360,000 64,015.0 31,502.8 - >360,000 64015.0 48,335.9

9 (5H, 5C)39 - >360,000 109,078.4 25,659.3 - >360,000 109,078.4 39,218.8

10 (5H, 5C)26 - >360,000 43,329.2 31,235.8 - >360,000 43,314.0 53,625.7

11 (11H, 2C)30 - >360,000 3,441,663.0 55,689.3 - >360,000 3,424,958.8 79,336.5

12 (6H, 5C)12 - >360,000 139,398.1 69,623.8 - >360,000 139,387.0 82,559.3

13 (6H, 10C)40 - >360,000 6,674,677.0 80,715.9 - >360,000 6,654,330.1 109,336.8

14 (8H, 7C)12 - >360,000 1,501,004.0 89,625.9 - >360,000 1,498,935.1 112,758.3

15 (13H, 7C)41 - >360,000 1,414,857.0 100,568.8 - >360,000 1,407,203.3 183,682.1

16 (22H, 17C)12 - >360,000 1,912,763.0 183,286.5 - >360,000 1,840,936.2 332,693.6

17 (1H, 2C)28 52,430.9 16.8 52,430.9 30.2 48,663.3 56.5 48,663.3 79.3

18 (3H, 2C)28 100,770.2 95.9 100,770.2 256.1 95,661.1 199.3 95,661.1 332.5

19 (2H, 4C)20 140,367.1 369.8 140,367.1 692.3 128,236.7 589.2 128,236.7 962.5

TABLE 2 Solution times (s) of Strategies 1–3

Example

Option 1 (PLB) Option 2 (PSTR)

Strategy 1 Strategy 2 Strategy 3 Strategy 1 Strategy 2 Strategy 3

1 (2H, 2C)22 239.1 380.5 312.6 398.2 502.7 462.6

2 (2H, 2C)35 139.5 305.6 236.7 512.1 711.5 620.3

3 (2H, 2C)36 129.2 291.3 212.5 306.5 511.3 409.8

4 (3H, 2C)21 63.2 101.3 85.3 539.6 737.2 655.2

5 (3H, 2C)30 521.6 303.9 226.8 1321.2 1135.6 972.5

6 (5H, 1C)23 532.8 318.2 239.3 825.3 765.2 681.3

7 (3H, 4C)37 2391.5 1235.9 922.7 3952.8 3361.7 2833.5

8 (5H, 5C)38 >360,000 >360,000 >360,000 68,332.5 52,661.7 48,335.9

9 (5H, 5C)39 >360,000 >360,000 >360,000 56,335.6 43,205.3 39,218.8

10 (5H, 5C)26 >360,000 >360,000 >360,000 68,329.8 59,337.6 53,625.7

11 (11H, 2C)30 >360,000 >360,000 >360,000 >360,000 83,329.6 79,336.5

12 (6H, 5C)12 >360,000 >360,000 >360,000 >360,000 90,625.8 82,559.3

13 (6H, 10C)40 >360,000 >360,000 >360,000 >360,000 113,552.9 109,336.8

14 (8H, 7C)12 >360,000 >360,000 >360,000 >360,000 136,621.2 112,758.3

15 (13H, 7C)41 >360,000 >360,000 >360,000 >360,000 212,335.6 183,682.1

16 (22H, 17C)12 >360,000 >360,000 >360,000 >360,000 379,652.8 332,693.6

17 (1H, 2C)28 56.5 72.2 63.5 79.3 95.8 86.2

18 (3H, 2C)28 199.3 239.2 212.7 332.5 452.5 401.9

19 (2H, 4C)20 792.5 682.5 589.2 1569.1 1322.8 962.5
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F IGURE 4 The flowsheets for
the optimal structure of Example
2: (A) HEN with isothermal mixing
and (B) HEN with non-isothermal
mixing

F IGURE 5 The flowsheets of
optimal HEN with isothermal
mixing for Example 2
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effectively solve the resulting NLP (see Supporting Information-Part

B) corresponding to small-size problems for each enumerated struc-

ture with fixed stream matches. In Examples 5–16, however, our

Strategy 1 is slower than Strategies 2 and 3, exhibiting that the

Golden Search is better than BARON in these medium- and large-

scale problems. Table 2 also indicates that Strategy 3 is faster than

Strategy 2, demonstrating the applicability of the proposed Lagrange

Multiplier method using the KKT conditions for solving the convex

NLM (PS2).

For illustrating purposes, we present the network designs of

Example 2 in Figure 4. It includes the flowsheets of HENs with iso-

thermal and non-isothermal mixing for the optimal structure. From

Figure 4, it can be found that TAC decreases from 380,338 to

355,700 $/year (isothermal mixing vs. non-isothermal mixing). This is

mainly because the hot utility demand (the energy consumption)

reduces when allowing non-isothermal mixing (833.9 vs. 676.0 kW).

Figure 5 shows the optimal HEN with isothermal mixing from our Part

II. Comparing Figures 4(B) and 5, we find both the hot utility demand

and area are decreased, resulting in 1.2% saving in TAC. In a word, it

is necessary to consider non-isothermal mixing since it has certain

impacts on the trade-offs between operational and capital costs for

HEN synthesis. The detailed network designs of all our examples are

provided in Supporting Information-Part F.

9 | CONCLUSIONS

In this work, we point out that the heat loads of heat exchangers and

the stream temperatures at stages are fixed, either when fixing the

energy consumption for minimal networks or when fixing the energy

consumption and binding EMAT for non-minimal networks. For such

two types of HENs, the NLM minimizing the area cost of heat

exchangers is proved to be a convex optimization problem that we

globally solve using the KKT equations. We develop new mathemati-

cal models, modified from the models proposed in Parts I and II, to

include the constraints of non-isothermal mixing. Several sub-

algorithms are proposed to obtain the bounds of energy consumption

and the binding EMAT. Based on these, a new Global Optimum Sea-

rch Algorithm is developed to obtain the globally optimal solutions for

minimal and non-minimal HENs synthesis considering non-isothermal

mixing.

The example tests indicate that TACs can decrease when further

considering non-isothermal mixing compared to HENs synthesis with

isothermal mixing. The solution comparisons verify the applicability of

the proposed models and algorithms. As pointed out in the text, the

proposed Strategy 3 is entirely based on mathematical programming-

free procedures, except for the structure enumeration. This enumera-

tion is done using MILMs, but can also be performed using the algo-

rithms based on graph theory which we will study in further. New

ways/methodologies will be proposed to reduce solution time and

completely solve the convergence problems for large-scale examples.

Another further work is to study HENs with two or more energy

loops, which demand new algorithms and global search approaches.
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NOTATION

SETS

HP set of hot process streams indexed by i

CP set of cold process streams indexed by j

ST set of stages indexed by k

PARAMETERS

Nmin minimum number of units

NH number of hot process streams

NC number of cold process streams

NHU number of hot utilities

NCU number of cold utilities

YH
i,k binary parameter representing if hot stream i is split or not

at stage k

YC
j,k binary parameter representing if cold stream j is split or not

at stage kbzi,j,k binary parameter representing if the exchanger (i, j, k) exists

or notbzhuj binary parameter representing if the heater of cold stream

j exists notbzcui binary parameter representing if the cooler of hot stream

i exists or notbqi,j,k heat load of heat exchanger (i, j, k) for a MSTR or non-MSTR

HENs with fixed energy consumption and the binding EMATbqhuj heat load of heater ( j) for a MSTR or non-MSTR HENs with

fixed energy consumption and the binding EMATbqcui heat load of cooler (i) for a MSTR or non-MSTR HENs with

fixed energy consumption and the binding EMATbE fixed energy consumption of hot utilitybTH

i,k temperature of stream i at stage k upon mixingbTC

j,k temperatures of stream j at stage k upon mixingba fixed installation cost for heat exchangerbb area cost coefficient for heat exchangerbc exponent index for heat exchanger area cost

FcpHi heat capacity folwrate of hot process stream i

TIN,i inlet temperature of hot process stream i

TOUT,i outlet temperature of hot process stream i
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FcpCj heat capacity folwrate of cold process stream j

TIN,j inlet temperature of cold process stream j

TOUT,j outlet temperature of cold process stream jbΩi heat content of hot process stream ibΩj heat content of cold process stream jbUi,j overall heat transfer coefficient for exchanger between

stream i and jbUhuj overall heat transfer coefficient for the heater of cold

streams jbUcui overall heat transfer coefficient for the cooler of hot streams i

Γi,j upper bound of temperature difference for exchanger

between streams i and j

Γj upper bound of temperature difference for the heater of

stream j

Γi upper bound of temperature difference for the cooler of

stream i

Thuin inlet temperature of hot utility

Thuout outlet temperature of hot utility

Tcuin inlet temperature of cold utility

Tcuout outlet temperature of cold utilitybε a small number

yH�i,j,k 1 if the binding EMAT is located at the hot end of heat

exchanger (i, j, k) after running model PLOC1S

yC�i,j,k 1 if the binding EMAT is located at the cold end of heat

exchanger (i, j, k) after running model PLOC1S

yhu�j 1 if the binding EMAT is located at the cold end of heater ( j)

after running model PLOC1S

ycu�i 1 if the binding EMAT is located at the hot end of cooler (i)

after running model PLOC1S

E� energy consumption obtained by running model PLOC1S

q�i,j,k heat load of heat exchanger (i, j, k) obtained by running

model PLOC1S

qhu�j heat load of heater ( j) obtained by running model PLOC1S

qcu�i heat load of cooler (i) obtained by running model PLOC1S

BINARY VARIABLES

zi,j,k 1 if the exchanger between streams i and j at stage k exists

zhuj 1 if the heater of cold process stream j exists

zcui 1 if the cooler of hot process stream i exists

yHi,j,k 1 if the temperature difference at the hot end of exchanger (i,

j, k) is the smallest

yCi,j,k 1 if the temperature difference at the cold end of exchanger (i,

j, k) is the smallest

yhuj 1 if the temperature difference at the cold end of heater ( j) is

the smallest

ycui 1 if the temperature difference at the hot end of cooler (i) is

the smallest

CONTINUOUS VARIABLES

T temperature of hot and cold stream at stages in Synheat

model

Q heat loads of heat exchangers in Synheat model

qi,j,k heat load of the exchanger between process streams

i and j at stage k

qhuj heat load of the heater for cold process stream j

qcui heat load of the cooler for hot process stream i

TH
i,k hot stream i temperature at stage k upon mixing

TC
j,k cold stream j temperature at stage k upon mixing

fHi,j,k heat capacity flowrate of the split stream i exchanging

heat with stream j at stage k

fCi,j,k heat capacity flowrate of the split stream j exchanging

heat with stream i at stage k

tHi,j,k temperature of the split stream i exchanging heat with

stream j at stage k

tCi,j,k temperature of the split stream j exchanging heat with

stream i at stage k

ΔtHi,j,k temperature difference at the hot end of heat exchanger

(i, j, k)

ΔtCi,j,k temperature difference at the cold end of heat exchanger

(i, j, k)

Δthuj temperature difference at the cold end of heater j

Δtcui temperature difference at the hot end of cooler i

β smallest temperature difference for HEN with fixed

structure

Ai,j,k area of heat exchanger (i, j, k)

LMTD logarithmic mean temperature difference

TACSTR total annualized cost for a HEN with fixed structure

EIsoMin minimum energy for HEN structure with isothermal

mixing

ENisoMin minimum energy for HEN structure with non-isothermal

mixing

ELoMin lower bound of the minimum energy for HEN with fixed

structure

EUpMin upper bound of the minimum energy for HEN with fixed

structure

EIsoMax maximum energy for HEN structure with isothermal

mixing

ENisoMax maximum energy for HEN structure with non-isothermal

mixing

ELoMax lower bound of the maximum energy for HEN with fixed

structure

EUpMax upper bound of the maximum energy for HEN with fixed

structurebEMATMin lower bound of the binding EMAT for HEN with fixed

structurebEMATMax upper bound of the binding EMAT for HEN with fixed

structure

MODEL ACRONYM LIST

DSynheat Synheat model

PSTR problem rendering any viable structure of matches and

candidates

PSTRR problem to enumerate different structures

PLB
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lower bound model rendering any viable structure of

matches and candidates

PLBR problem containing problem PLB and the exclusion

constraint

PS1 non-convex model minimizing area cost for a MSTR

and non-MSTR HEN with fixed energy consumption

and binding EMAT

PS2 convex model minimizing area cost for a MSTR and

non-MSTR HEN with fixed energy consumption and

binding EMAT

PENisoMin problem targeting the minimum hot utility energy

consumption

PENisoMax problem targeting the maximum hot utility energy

consumption

SyE system of equations for targeting energy consumption

bounds

PBEMin algorithm for obtaining the lower bound of energy

consumption

PBEMax algorithm for obtaining the upper bound of energy

consumption

PLOC1S problem to find the possible locations of the bind-

ing EMAT

PLOCS problem to detect if the EMAT-binding location

obtained is part of a loop

PEMATNiso
Min problem targeting the minimum binding EMAT

PEMATNiso
Max problem targeting the maximum binding EMAT

SyEMAT system of equations for targeting the bounds of the

binding EMAT

PBEMATMin algorithm for obtaining the lower bound of the bind-

ing EMAT

PBEMATMax algorithm for obtaining the upper bound of the bind-

ing EMAT
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